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Nonet Classification of Scalar/Isoscalar Resonances
below 1900 MeV: the Existence of an Extra Scalar
State in the Region 1200-1600 MeV
V.V. Anisovicha1, Yu.D. Prokoshkinb2, and A.V. Sarantseva3
Abstract
A classification of the IJPC = 00++ mesons is performed on the basis of the K-
matrix analysis of meson spectra in the reactions: (i) GAMS data on pip→ pi0pi0n,
ηηn, ηη′n [1, 2, 3]; (ii) Crystal Barrel data on pp¯ (at rest)→ pi0pi0pi0, pi0pi0η, pi0ηη
[4, 5]; (iii) CERN-Mu¨nich data on pip → pi+pi−n [6]; (iiii) BNL data on piN →
KK¯N [7]. The analysis points to the existence of four comparatively narrow scalar
resonances which correspond to the following poles of the scattering amplitude (in
MeV): (1015± 15)− i(43± 8), (1300± 20)− i(120± 20), (1499± 8)− i(65± 10) and
(1780±30)−i(125±70). The scattering amplitude also has a fifth pole f0(1530+90−250)
at the complex mass (1530+90−250)− i(560 ± 140). The masses of the K-matrix poles
(bare states) are at 720 ± 100 MeV, 1230 ± 50 MeV, 1260 ± 30 MeV, 1600 ± 50
MeV and 1810 ± 30 MeV. The quark content of the bare states is analyzed using
the values of their couplings to the pipi, KK¯, ηη and ηη′. It is shown that one of the
bare states in the mass region 1200-1600 MeV is superfluous for the qq¯ classification
and should be considered as the lightest glueball.
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The search for and classification of scalar/isoscalar IJPC = 00++ states is the direct
and possibly the only way for identification of the lightest scalar glueball. In refs. [8, 9]
the K-matrix analysis of the 00++-wave was performed in the mass region up to 1550
MeV, where four scalar resonances (the T-matrix poles at the complex masses: (1008 ±
10)−i(43±5), (1290±25)−i(120±15), (1497±6)−i(61±5), (1430±150)−i(600±100),
in MeV) were found. Correspondingly, four bare states were determined: the lightest bare
state with mass 750 ± 100 MeV is dominantly ss¯, while three other states, with masses
1240±30 MeV, 1280±30 MeV and 1615±50 MeV, do not contain a large ss¯ component.
One of these states, either the state with mass 1240 MeV or the state with mass 1280
MeV, is a natural qq¯-partner of the lightest bare state. For the other two states two
scenarios arose in ref. [9]:
(a) both these states are qq¯ mesons; then, in the region 1550-1900 MeV, two ss¯-rich
states exist as the nonet partners of the low-lying 00++-mesons;
(b) in the region 1550-1900 MeV there is only one ss¯-rich 00++ state; then one of the
low-lying states is exotic, probably the lightest glueball.
To resolve these alternatives, the spectra in KK¯, ηη and ηη′ channels need to be
investigated in the region 1550-1900 MeV: the existence of a strange component in these
mesons favours a search for the ss¯-rich states. The ηη and ηη′ spectra obtained by the
GAMS collaboration [2, 3] give a good opportunity for this study. The aim here is to
extend the analysis of the 00++-wave to a mass of 1900 MeV, including the ηη and ηη′
GAMS spectra into the simultaneous fitting procedure. The main purpose is to identify
the ss¯-rich states: the analysis of the pi0pi0 and pi+pi− spectra from refs. [9, 10] definitely
indicates that in the region 1550-1900 MeV there are no 00++ resonances with a significant
pipi branching ratio: so, the presence of nn¯-dominant states is unlikely here. As to ss¯-rich
states, the radiative J/ψ decays hint at the possible existence of a scalar resonance near
1750 MeV [11].
Lattice QCD calculations predict the mass of the purely gluonic 0++ state (glueball)
in the region 1500-1750 MeV: 1550 ± 50 MeV [12] and 1707 ± 64 MeV [13]. However, if
the glueball is near 1500 MeV, it must definitely include quark degrees of freedom, mainly
the qq¯-component. Quark-antiquark loop diagrams (Fig. 1a) will reduce the mass of a
pure glueball: the mass shift is of the order of 100-300 MeV [14]. Another source of the
glueball–mass shift is its possible mixture with neighbouring qq¯-mesons. The last of these
effects can be taken into account by working within the K-matrix technique.
The advantage of the K-matrix approach is its ability to analyze the structure of
multichannel partial amplitudes of overlapping resonances. The K-matrix amplitude is
unitary and correctly represents analytic properties on the right-hand side of the com-
plex s-plane. Although this approach does not reproduce the analytic structure of the
amplitude on the left-hand side of the s-plane, one may hope that this does not lead to
significant inaccuracy in finding the pole positions and coupling constants in the mass
region under consideration. Left-hand side singularities of the partial amplitude can be
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taken into account in the framework of the multichannel dispersion relation N/D method:
we consider this approach as a necessary though later step in the analysis of the 00++
amplitude.
K-matrix analysis demonstrates [8, 9] that poles of the partial amplitude (or physical
poles which correspond to the observable states) are determined by the mixture of input
states related to the K-matrix poles via their transition into real mesons. The wave
function of a physical state is a mixture of not only the input states but also of real
mesons, which realize this mixture and are responsible for the decay of the physical state.
Because of this phenomenon, we call the input states ”bare states”, i.e. the states without
a cloud of real meson. Decay coupling constants of bare states are fixed by their quark-
gluon content [15, 16, 17]. So bare states can be classified by means of their couplings
to different two-meson channels. We perform here such a classification of the bare states,
f bare0 , using the ratios of their coupling constants to the pipi, KK¯, ηη, and ηη
′ channels in
the leading terms of the 1/Nc expansion [18] (however, for the candidates for a glueball,
the-next-to-leading terms will also be estimated). Our analysis gives evidence for the
existence of two qq¯-nonets, while one bare state with mass around 1200-1600 MeV is
superfluous in the qq¯-systematics. So, the analysis points to the scenario (b), limiting the
mass of the exotic state to the range 1200-1600 MeV. Large coupling constants indicate
that this superfluous bare state is dispersed over neighbouring physical states: the narrow
f0(1300) and f0(1500) resonances and the broad f0(1530
+90
−250).
1) K-matrix approach and quark combinatoric rules for the decay coupling
constants
The standard K-matrix technique is used for the description of the meson scattering
amplitudes in the 00++-channel:
A = K(I − iρK)−1, (1)
where Kab is a 5×5 matrix (a, b = 1,2,3,4,5), with the following notations for meson states:
1 = pipi, 2 = KK¯, 3 = ηη 4 = ηη′ and 5 = pipipipi +other multimeson states. The phase
space matrix is diagonal: ρab = δabρa, with the following ρa:
ρa(s) =
√
s− 4m2a
s
, a = 1, 2, 3,
ρ4(s) =


√(
1− (mη+mη′)2
s
)(
1− (mη−mη′ )2
s
)
, s > (mη −mη′)2
0 , s < (mη −mη′)2 .
(2)
Here m1 = mpi, m2 = mK , m3 = mη. Phase space factors are responsible for the
threshold singularities of the amplitude: to prevent the violation of analytic properties we
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use analytic continuation for ρa below threshold. For example, the ηη phase space factor
ρa = (1− 4m2η/s)1/2 becomes equal to i(4m2η/s− 1)1/2 below the ηη threshold. The phase
space factors we use lead to false kinematic singularities at s = 0 (in all phase space
factors) and at s ≤ (mη′ − mη)2 (in the ηη′ space factor); but these false singularities
(which are standard for the K-matrix approach) are rather distant from the investigated
physical region. For multimeson phase volume at s below 1 GeV2, we use the four-pion
phase space defined either as ρρ phase space or as σσ phase space. The result is practically
the same in the two cases and we show the ρρ phase space, for which formulae are simpler:
ρ5(s) =

 ρ0
∫ ds1
pi
∫ ds2
pi
M2Γ(s1)Γ(s2)
√
(s+s1−s2)2−4ss1
s[(M2−s1)2+M2Γ2(s1)][(M2−s2)2+M2Γ2(s2)] , s < 1 GeV
2
1 , s > 1 GeV 2 .
(3)
Here s1 and s2 are the two-pion energies squared, M is the ρ-meson mass and Γ(s) is
its energy-dependent width, Γ(s) = γρ31(s). The factor ρ0 provides continuity of ρ5(s) at
s = 1 GeV2.
For Kab we use the parametrization similar to that of ref. [8]:
Kab(s) =

∑
α
g(α)a g
(α)
b
M2α − s
+ fab
1 + s0
s+ s0

 s−m2pi/2
s
, (4)
where g(α)a is a coupling constant of the bare state α to the meson channel; the parameters
fab and s0 describe a smooth part of the K-matrix elements (s0 > 1.5 GeV).
The following formulae describe the GAMS pipi, ηη and ηη′ production amplitude due
to t-channel exchange:
ApiN→Nb = N(Ψ¯Nγ5ΨN)FN(t)D(t)K˜pipi(t),a(1− iρK)−1ab , b = pipi, ηη, ηη′ ,
K˜pipi(t),a =
(∑
α
g˜(α)(t)g(α)a
M2α − s
+ f˜a(t)
1 + s0
s+ s0
)
s−m2pi/2
s
, (5)
g˜(α)(t) = g
(α)
1 + (1−
t
m2pi
) (Λg − t
m2pi
)g′(α) ,
f˜a(t) = f1a + (1− t
m2pi
)(Λg − t
m2pi
)f ′a , (6)
FN(t) =
[
Λ˜−m2pi
Λ˜− t
]4
, D(t) = (m2pi − t)−1 . (7)
Here FN (t) is the nucleon form factor and D(t) is the pion propagator.
The part of the amplitudes pp¯ (at rest) → pi0pi0pi0, pi0ηη which corresponds to the
two-meson production in 00++ state App¯→mesons = A1(s23) +A2(s13) +A3(s12) (where the
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amplitude Ak(sij) stands for any interaction of particles in intermediate states but with
last interactions when the particle k is a spectator) has the following form:
A1(s23) = K˜pp¯pi,a(s23) (1− iρK)−1ab , b = pipi, ηη ,
K˜pp¯pi,a(sij) =

∑
α
Λ
(α)
pp¯pig
(α)
a
M2α − sij
+ φpp¯pi,a
1 + s0
sij + s0

 sij −m2pi/2
sij
. (8)
The same part of the amplitude in the pp¯ (at rest)→ pi0pi0η reaction is described as:
A1(s23) = K˜pp¯η,a(s23) (1− iρK)−1ab , b = pipi ,
K˜pp¯η,a(sij) =

∑
α
Λ
(α)
pp¯ηg
(α)
a
M2α − sij
+ φpp¯η,a
1 + s0
sij + s0

 sij −m2η/2
sij
. (9)
Parameters Λαpp¯pi and φpp¯pi (Λ
α
pp¯η, φpp¯η) may be complex magnitudes with different phases
due to three particle interactions.
In the leading terms of the 1/N expansion, the couplings of the qq¯-meson and glueball
to the two mesons are determined by the diagrams where gluons produce qq¯-pairs (see Figs.
1b, c). The production of soft qq¯ pairs by gluons violates flavour symmetry: the direct
indication of such a violation comes from the description of the multiparticle production in
the central hadron collisions at high energies (see ref. [19] and references therein) and from
radiative J/ψ-decays [17]. In these cases the production of strange quarks is suppressed
by the same factor λ. The ratios of the production probabilities are uu¯ : dd¯ : ss¯ = 1 : 1 : λ,
with λ = 0.4− 0.5 [19], that makes it possible to calculate unambigously the ratios of the
decay coupling constants in the framework of the quark combinatoric rules. Previously,
quark combinatorics were successfully applied to the calculation of the hadron production
in high energy collisions [20, 21] and in the J/ψ-decay [22]. Extending this property to the
decays of 00++ qq¯-mesons, one may calculate the ratios of coupling constants f0 → pipi,
KK¯, ηη, ηη′, η′η′. They are given in Table 1 for f0 = nn¯ cos Φ + ss¯ sinΦ, where
nn¯ = (uu¯+ dd¯)/
√
2.
The glueball decay couplings in the leading terms of 1/N -expansion obey the same
ratios as the qq¯-meson couplings, with the mixing angle Φ = Φglueball, where tanΦglueball =√
λ/2 [9]. This is resulted from the two-stage decay of a glueball (see Fig. 1c): inter-
mediate qq¯-state in the glueball decay is a mixture of nn¯ and ss¯ quarks, with the angle
Φglueball = 25
o ± 3o.
In Table 1 we also present the glueball couplings in the scheme of Fig. 1d: these
couplings are suppressed by the factor 1/Nc as compared to that of Fig. 1c. Nevertheless,
we take them into account in the analysis of f bare0 considered here as candidates for a
glueball. The normalization in Table 1 is done, following ref. [14], in such a way that the
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sum of the couplings squared over all channels is proportional to the probability of the
production of new quark pair, (2 + λ):
∑
channels
G2(c)I(c) =
1
2
G2(2 + λ)2,
∑
channels
g2G(c)I(c) =
1
2
g2G(2 + λ)
2. (10)
Here I(c) is the identity factor and c = pi0pi0, pi+pi−, K+K− and so on (see Table 1). With
this normalization gG/G ≃ 1/Nc. Our experience of quark-gluon diagram calculations
teaches us that the factor 1/Nc actually leads to a suppression of the order of 1/10: in
the fitting procedure we impose a restriction |gG/G| < 1/3.
We use the coupling constant ratios shown in Table 1 for the determination of the
quark/gluonic content of f bare0 . Justification of this procedure is seen in the multichannel
N/D-method: the couplings of f bare0 satisfy the same ratios as the decay couplings of
resonances in the dispersion relation approach [14].
2) Fit of the data
The fitting procedure used here is the same as in ref. [9]. Complications are due to
the additional channel, ηη′, and to the new K-matrix pole near 1800 MeV. We investigate
a necessity for this fifth pole, fitting the data with and without it. The result is that for
the description of the ηη and ηη′ spectra above 1700 MeV, the K-matrix pole at 1800
MeV is definitely needed. We check the two-pole structure of the K-matrix elements in
the range 1200-1400 MeV, performing the fits in the two- and one-pole approximations.
The results confirm the statement of ref. [9]: the K-matrix without two-pole structure
fails to describe data in the region 1100-1500 MeV. The one-pole approximation does not
give a satisfactory description of either the Crystal Barrel or GAMS data on the pi0pi0
spectra at large momentum transfer squared, t. The latter show a well defined peak at
1300 MeV which corresponds to the f0(1300) resonance (see Fig. 6).
In ref. [9] two types of solution were found. In the present analysis, which covers the
region of higher masses, up to 1900 MeV, there also exist two groups of solutions which
are actually the continuations of solutions obtained in [9]. In solution I, the mixing angle
Φ(1810) is positive and the resonance f0(1780) is narrow: Γ(1780) = 140 ± 20 MeV. In
solution II Φ(1820) is negative while Γ(1780) = 310 ± 50 MeV. Let us stress that the
00++ resonance in the region 1750-1800 MeV was seen in the four-pion system in the
decay J/ψ → γ4pi, and two different solutions also give either a narrow [23] or a broad
[24] resonance, just as obtained here.
Our nonet classification will be based on the following two constraints:
(1) the angle difference between nonet partners should be 90o; for this value the corridor
90o ± 5o is allowed in our analysis.
(2) coupling constants g of Table 1 should be approximately equal to each other for nonet
partners.
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The conventional quark model requires the equality of the coupling constants g. But
the energy dependence of the loop diagram of Fig. 1a, B(s), may violate this coupling
constant equality because of mass differences of the nonet partners. Coupling constants
of the K-matrix contain an additional s-dependent factor as compared to the couplings
obtained in the N/D-method: g2(K)→ g2(N/D)/(1+B′(s)) [14]. The factor (1+B′(s))−1
affects mostly the low-s region due to the threshold and left-hand side singularities of the
partial amplitude. Therefore, the coupling constant equality is mostly violated for the
lightest 00++ nonet, 13P0 qq¯. We allow for the members of this nonet 1 ≤ g(1)/g(2) ≤ 1.5,
where the notations 1 and 2 refer to different f bare0 . For the 2
3P0 qq¯ nonet members, we
put g(1)/g(2) = 1.
In solution I the following variant of the nonet classification exists:
I. f bare0 (720) and f
bare
0 (1260) are 1
3P0 nonet partners,
f bare0 (1600) and f
bare
0 (1810) are 2
3P0 nonet partners,
f bare0 (1230) is a glueball.
For this variant the χ2 values are given in the second column of Table 2, parameters
are presented in Table 3 and the description of data is shown by dashed curves in Figs.
2-6.
Within solution II, two variants describe well the data set:
II-1. f bare0 (720) and f
bare
0 (1260) are 1
3P0 nonet partners,
f bare0 (1600) and f
bare
0 (1810) are 2
3P0 nonet partners,
f bare0 (1230) is a glueball;
II-2. f bare0 (720) and f
bare
0 (1260) are 1
3P0 nonet partners,
f bare0 (1230) and f
bare
0 (1810) are 2
3P0 nonet partners,
f bare0 (1600) is a glueball.
The χ2 values for the solutions II-1 and II-2 are given in the third and fourth columns
of Table 2. Parameters are presented in Table 4 (solution II-1) and in Table 5 (solution
II-2) and the description of data is shown in Figs. 2-5 by dotted curves for the solution
II-1 and in Figs. 2-8 by solid curves for the solution II-2.
The t-dependent couplings obtained from GAMS data and the production constants
for the solution II-2 for the Crystal Barrel data are presented in Table 6.
In all the solutions the calculated branching ratios, pp¯→ 3pi0/ηηpi, for the description
of Crystal Barrel data are very close to the experimental value 3.2± 0.8 [5]:
BR(pp¯→ pipipi/ηηpi) =2.85(I), 2.72(II-1), 2.80(II-2).
The imposing of combinatoric rules on the resonance coupling constants and nonet
classification constraints does not significantly change the description of data as compared
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to the fit with free couplings. Moreover, the use of quark combinatorics provides a good
convergence to the fit, whereas the fit with free couplings has rather poor convergence,
thus yielding serious problems in finding the main minimum of χ2.
3) Results
Our simultaneous K-matrix analysis of the 00++-wave points to the existence of five
bare states f bare0 in the mass region below 1900 MeV. Only two of them are definitely
ss¯-rich states: f bare0 (720) and f
bare
0 (1810). Therefore only two nonets below 1900 MeV
can be constructed; the following variants of the nonet classification are possible:
1. f bare0 (720), f
bare
0 (1260) 1
3P0 nonet, f
bare
0 (1600), f
bare
0 (1810) 2
3P0 nonet;
2. f bare0 (720), f
bare
0 (1260) 1
3P0 nonet, f
bare
0 (1230), f
bare
0 (1810) 2
3P0 nonet;
Scalar mesons in the lightest 13P0 qq¯-nonet are the same in both our solutions: f
bare
0 (720±
100) and f bare0 (1260 ± 30). The flavour content of f bare0 (720 ± 100) and f bare0 (1260 ± 30)
almost coinsides with the nn¯/ss¯ content of η and η′, correspondingly, that indicates
the symmetry in interactions which are responsible for the formation of the lightest
scalar/pseudoscalar qq¯-mesons.
In any variant one of the bare states, either f bare0 (1230) or f
bare
0 (1600), is superfluous
for the qq¯ systematics, and its coupling constants are in accordance with the relations for
glueball decay.
It should be emphasized that our bare state does not correspond to a pure gluodynamic
glueball of refs. [12, 13]: the bare state includes quark degrees of freedom, in particular
the qq¯ component (this problem is discussed in detail in ref. [14]). This means that the
mass of f bare0 (1230) or f
bare
0 (1600) should not coincide with the mass obtained in Lattice
calculations for the pure glueball: 1550 ± 50 MeV [12] and 1710 ± 40 MeV [13]. Quite
the opposite, as is shown in ref. [14], an admixture of the qq¯ component wants to reduce
the mass of a pure glueball by 200-300 MeV. Therefore, according to our fit, one would
expect the mass of the gluodynamic glueball in the region 1450-1600 MeV for the variant
1 or in the region 1700-1900 MeV for the variant 2.
A principal question to our analysis is how many states are in the region 1200-1400
MeV. We have investigated the variant with only one bare state in this region: it makes
the quality of the fit worse. The fit of the data set is based on the existence of three
resonances (amplitude poles) in the region 1200-1600 MeV: two comparatively narrow,
f0(1300) and f0(1500), and a broad one, f0(1530
+90
−250); the interference of the broad res-
onance with narrow ones produces a wide variety of effects which are typical for the
spectra investigated. In order to have these three resonances we need three bare states in
the region 1200-1600 MeV.
Nevertheless, one may be sceptical about taking into consideration such a broad reso-
nance like f0(1530
+90
−250). Here we would like to emphasize the existence of a very important
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phenomenon for overlapping resonances [14]: the mixing of these resonances increases the
width of one state, thus simultaneously reducing the width of another one. In the case of
the full overlap, the width of one state tends to zero while the width of the second state
tends to the sum of the widths of initial states, Γ1+Γ2. For three overlapping resonances,
the width of two states tend to zero while the width of the third state accumulates the
widths of all initial resonances, Γthird ≃ Γ1+Γ2+Γ3. This effect is quite similar to what is
well known in atomic/molecular physics, namely, the repulsion of close levels. Here, in the
case of poles in the complex plane, the repulsion has a tendency to increase/decrease the
widths. This means that in the case of overlapping and mixing resonances it is inevitable
to have at least one resonance with a large width. Our analysis shows that this effect
happens exactly in the mass region 1200-1600 MeV.
Conclusion
We have performed a simultaneous analysis of all available data for the 00++ channel
in the mass region up to 1900 MeV. Five bare states are found: four of them are members
of qq¯-nonets, while one state is extra for qq¯ systematics: its couplings to meson channels
point out that it is a bare glueball state. This bare glueball state is dispersed over three
real resonances, f0(1300), f0(1500), and f0(1530
+90
−250).
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Fig. 1. Quark-antiquark loop diagram which determines the glueball width (a); diagrams
for the decay of a qq¯-meson (b) and a glueball (c,d) into two qq¯-meson states.
Fig. 2. The pipi → pipi S-wave amplitude module squared [1]; the events are collected at
the momentum transfer squared |t| < 0.20 GeV2/c2. The solid curve corresponds to
solution II-2, the dashed curve to solution I and the dotted one to solution II-1.
Fig. 3. The pipi → KK¯ S-wave amplitude squared: data are taken from refs.[7]; the style
of the curves is the same as in Fig. 2.
Fig. 4. The pipi → ηη S-wave amplitude squared [2], the style of the curves is the same
as in Fig. 2.
Fig. 5. The pipi → ηη′ S-wave amplitude squared [3], the style of the curves is the same
as in Fig. 2.
Fig. 6. Event numbers versus invariant mass of the pipi-system for different t-intervals in
the pi−p→ pi0pi0n reaction [1]. The solid curves correspond to solution II-2 and the
dashed curves to solution I.
Fig. 7. Fit of the pipi angular-moment distributions in the final state of the reaction
pi−p→ npi+pi− at 17.2 GeV/c [6]. The curve corresponds to solution II-2.
Fig. 8. pi0pi0 spectra: in the pp¯ → pi0pi0pi0 reaction (a), in the pp¯ → ηpi0pi0 reaction (b);
ηη spectra in the pp¯ → pi0ηη reaction (c), ηpi0 spectra in the pp¯ → pi0pi0η reaction
(d). Curves correspond to solution II-2.
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Table 1
Coupling constants given by quark combinatorics for a qq¯-meson decaying into two
pseudoscalar mesons in the leading terms of the 1/N expansion and for glueball decay in
the next-to-leading terms of the 1/N expansion. Φ is the mixing angle for nn¯ and ss¯
states, and Θ is the mixing angle for η − η′ mesons: η = nn¯ cosΘ− ss¯ sinΘ and
η′ = nn¯ sin Θ + ss¯ cosΘ. In eq.(2) g1 =
√
3
2
g cosΦ, g2 = g(
√
2 sinΦ +
√
λ cos Φ)/2.
The qq¯-meson decay Glueball decay couplings Identity
couplings in the in the next-to- factor in
Channel leading terms of 1/N leading terms of 1/N phase space
expansion (Fig. 1e) expansion (Fig. 1f)
pi0pi0 g cos Φ/
√
2 0 1/2
pi+pi− g cos Φ/
√
2 0 1
K+K− g(
√
2 sinΦ +
√
λ cosΦ)/
√
8 0 1
K0K0 g(
√
2 sinΦ +
√
λ cosΦ)/
√
8 0 1
ηη g
(
cos2Θ cosΦ/
√
2+ 2gG(cosΘ−
√
λ
2
sin Θ)2 1/2√
λ sinΦ sin2Θ
)
ηη′ g sinΘ cosΘ
(
cosΦ/
√
2− 2gG(cosΘ−
√
λ
2
sinΘ) 1√
λ sinΦ
)
(sinΘ +
√
λ
2
cosΘ)
η′η′ g
(
sin2Θ cos Φ/
√
2+ 2gG(sinΘ +
√
λ
2
cosΘ)2 1/2√
λ sin Φ cos2Θ
)
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Table 2
χ2 values for the K-matrix solutions.
solution I solution II-1 solution II-2 Number of
points
Crystal Barrel
data [4, 5]
pp¯→ pi0pi0pi0 1.57 1.53 1.52 1338
pp¯→ pi0ηη 1.59 1.63 1.60 1798
pp¯→ pi0pi0η 1.52 1.58 1.62 1738
CERN-Mu¨nich [6]
data 1.82 1.88 1.88 705
pi+pi− → pi+pi−
New S-wave
GAMS data [1] 1.18 1.39 1.42 68
pi+pi− → pi0pi0
t-dependent
GAMS data [1]
0.00 < t < 0.20 2.79 2.87 3.19 21
0.30 < t < 1.00 2.98 3.04 2.84 38
0.35 < t < 1.00 1.40 1.43 1.39 38
0.40 < t < 1.00 2.20 2.16 2.38 38
0.45 < t < 1.00 1.50 1.42 1.55 38
0.50 < t < 1.00 1.92 1.82 1.97 38
GAMS data [2, 3]
pipi → ηη 0.70 0.88 0.99 16
pipi → ηη′ 0.38 0.52 0.37 8
Brookhaven
data [7] 0.80 0.69 0.61 35
pipi → KK¯
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Table 3
Masses, coupling constants (in GeV) and mixing angles (in degrees) for the
f bare0 -resonances for solution I. The errors reflect the boundaries for a satisfactory
description of the data.
Solution I
α = 1 α = 2 α = 3 α = 4 α = 5
M 0.651+.120−.030 1.219
+.045
−.030 1.255
+.015
−.045 1.617
+.010
−.045 1.813
+.040
−.040
g(α) 1.432+.100−.100 0.612
+.050
−.200 0.955
+.080
−.080 0.567
+.050
−.050 0.567
+.050
−.050
gG 0 −0.120+.050−.080 0 0 0
g
(α)
5 0 0.874
+.100
−.150 0 0.661
+.100
−.150 0.557
+.100
−.100
Φα -68.5
+15
−4 25.0
+15
−15 16.5
+8
−8 -6.0
+15
−17 89
+5
−15
a = pipi a = KK¯ a = ηη a = ηη′ a = 4pi
f1a 0.505
+.100
−.100 0.056
+.100
−.100 0.494
+.100
−.100 0.438
+.100
−.100 −0.160+.100−.100
fba = 0 b = 2, 3, 4, 5
g
(1)
3 = −0.185+0.045−0.045 g(1)4 = −0.250+0.100−0.100 s0 = 5+∞−2.5
Pole position
II sheet
under pipi 1.012+.008−.008
and 4pi −i0.033+.008−.004
cuts
IV sheet
under pipi, 1.301+.010−.020 1.504
+.004
−.008 1.443
+.150
−.120
4pi, KK¯, −i0.108+.025−.015 −i0.064+.008−.008 −i0.553+.080−.120
ηη cuts
V sheet
under pipi, 1.810+.020−.020
4pi, KK¯, −i0.112+.010−.030
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Table 4
Masses, coupling constants (in GeV) and mixing angles (in degrees) for the
f bare0 -resonances for the solution II-1.
Solution II-1
α = 1 α = 2 α = 3 α = 4 α = 5
M 0.651+.120−.030 1.220
+.050
−.050 1.252
+.020
−.030 1.572
+.040
−.030 1.820
+.030
−.040
g(α) 1.454+.100−.150 0.605
+.050
−.200 0.969
+.080
−.080 0.431
+.050
−.050 0.431
+.050
−.050
gG 0 −0.125+.050−.080 0 0 0
g
(α)
5 0 0.765
+.100
−.150 0 0.570
+.100
−.100 −0.604+.120−.120
Φα -67.6
+15
−4 25.0
+25
−15 17.4
+8
−8 23.8
+15
−17 -61.2
+15
−15
a = pipi a = KK¯ a = ηη a = ηη′ a = 4pi
f1a 0.626
+.100
−.200 −0.016+.100−.100 0.463+.100−.200 0.496+.100−.200 −0.072+.150−.100
fba = 0 b = 2, 3, 4, 5
g
(1)
3 = −0.148+0.050−0.050 g(1)4 = −0.268+0.100−0.100 s0 = 5+∞−2.5
Pole position
II sheet
under pipi 1.010+.008−.008
and 4pi −i0.040+.006−.008
cuts
IV sheet
under pipi, 1.302+.010−.020 1.495
+.006
−.006 1.530
+.100
−.200
4pi, KK¯, −i0.117+.015−.025 −i0.061+.008−.008 −i0.585+.050−.100
ηη cuts
V sheet
under pipi, 1.798+.020−.020
4pi, KK¯, −i0.089+.030−.040
ηη and
ηη′ cuts
V sheet
under pipi, 1.798+.020−.020
4pi, KK¯, −i0.089+.030−.040
ηη and
ηη′ cuts
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Table 5
Masses, coupling constants (in GeV) and mixing angles (in degrees) for the
f bare0 -resonances for the solution II-2.
Solution II-2
α = 1 α = 2 α = 3 α = 4 α = 5
M 0.651+.120−.030 1.219
+.060
−.050 1.251
+.020
−.030 1.559
+.060
−.020 1.821
+.030
−.040
g(α) 1.503+.100−.200 0.508
+.060
−.120 1.002
+.060
−.100 0.398
+.070
−.040 0.508
+.060
−.120
gG 0 0 0 0.030
+.040
−.030 0
g
(α)
5 0 0.673
+.120
−.100 0 0.528
+.100
−.100 −0.584+.120−.120
Φα -66.7
+15
−4 42.3
+8
−25 18.3
+4
−8 25.0
+5
−20 -52.7
+10
−20
a = pipi a = KK¯ a = ηη a = ηη′ a = 4pi
f1a 0.524
+.150
−.150 −0.058+.100−.100 0.413+.100−.120 0.406+.150−.100 −0.178+.150−.100
fba = 0 b = 2, 3, 4, 5
g
(1)
3 = −0.167+0.100−0.100 g(1)4 = −0.251+0.100−0.100 s0 = 5+∞−2.5
Pole position
II sheet
under pipi 1.012+.008−.008
and 4pi −i0.033+.008−.004
cuts
IV sheet
under pipi, 1.301+.010−.020 1.504
+.004
−.008 1.443
+.150
−.120
4pi, KK¯, −i0.108+.025−.0150 −i0.064+.008−.008 −i0.553+.080−.120
ηη cuts
V sheet
under pipi, 1.814+.015−.025
4pi, KK¯, −i0.113+.010−.030
ηη and
ηη′ cuts
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Table 6
The parameters of the pipi, ηη and ηη′ production amplitude ApiN→Nb and pp¯
annihilation amplitude Ak(sij) for solution II-2. All values are given in GeV.
ApiN→Nb
α = 1 α = 2 α = 3 α = 4 α = 5
g′(α) -0.027 0 0.019 0.016 0
a = pipi a = KK¯ a = ηη a = ηη′ a = 4pi
f ′a -0.025 0.027 0 0 0
N = 474 Λ˜ = 0.204 Λg = 2.46
Ak(sij)
α = 1 α = 2 α = 3 α = 4 α = 5
Re(Λ
(α)
pp¯pi) 0.023 0.590 0.389 1 -0.100
Im(Λ
(α)
pp¯pi) -0.387 -0.016 -0.430 0 -0.192
Re(Λ
(α)
pp¯η) 1 -0.304 -0.171 0 0
Im(Λ
(α)
pp¯η) 0 0.243 0.473 0 0
a = pipi a = KK¯ a = ηη a = ηη′ a = 4pi
Re(φpp¯pi,a) -0.102 -0.190 0.071 0 0
Im(φpp¯pi,a) -0.148 0.093 0.092 0 0
Re(φpp¯η,a) 0.879 0.049 0 0 0
Im(φpp¯η,a) 1.312 -1.558 0 0 0
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